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Abstract
The two dimensional boundary layer flow of micropolar fluid towards stagnation point formed on a horizontal linearly stretching
surface is investigated. Melting heat transfer at the surface, temperature and exponentially space dependent internal heat generation
within fluid domain are considered. It is assumed that dynamic viscosity and thermal conductivity are temperature dependent
while micropolar vortex viscosity is constant. These assumptions are discussed. Classical temperature dependent viscosity and
thermal conductivity models were modified to suit the case of melting heat transfer following all the necessary theories. Similarity
transformations are used to convert the governing equations into non-linear boundary value problem and solved numerically.
Effects of various parameters on the micropolar fluid flow and heat transfer are analyzed. The results reveal that one of the possible
ways to increase transverse velocity of micropolar fluid flow over melting surface is to consider variable thermo-physical property
of micropolar fluid at constant vortex viscosity with a decrease in melting parameter while velocity ratio increases. For correct
analysis/investigation of micropolar fluid flow with variable properties over melting surface, the new thermo-physical models are
to be considered. The velocity increases with the increase of velocity ratio under the new condition compare to classical condition
(constant thermo-physical property) of micropolar fluid flow over melting surface.
c⃝ 2015 The Authors. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
In thermal Physics, heat transfer has been reported as the passage of thermal energy from a hot body to a cold
body (i.e. fluid). This aspect in fluid mechanics is of particular interest in engineering and industrial processes due
to its importance in the configuration and production of heat transfer equipment such as coolers and evaporators.
The study of stagnation point flow was pioneered by Hiemenz [1]. A flow can be stagnated by a solid wall, a free
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stagnation point or a line can exist in the interior of the fluid domain Shateyi and Makinde [2]. Bhattacharyya et al. [3]
analyzed the effects of partial slip on steady boundary layer stagnation-point flow of an incompressible fluid and heat
transfer towards a shrinking sheet. The relevance of this study attracted Motsa et al. [4] to formulate mathematical
equation governing Maxwell fluid for two-dimensional stagnation flow towards a shrinking sheet and analyzed the
flow behaviour extensively using similarity variables together with successive linearization method. Stagnation point
flow has also been investigated by Makinde and Charles [5], Nadeem et al. [6], Makinde [7], Mahapatra and Nandy [8].
All these intellectual properties and many related published articles has widened the knowledge of fluid flow with
microstructure and heat transfer near stagnation regions. In recent years, the dynamics of fluid with microstructure has
become a popular area of research. Micropolar fluid belongs to a class of fluids with non-symmetric stress tensor and
consists of particles with spinning motion [9]. During the industrial production of polymer fluids, colloidal solutions
and fluid containing small additives; a point where the local velocity of fluid with non-symmetric stress tensor is zero
tends to exist. Stagnation-point flow appears in virtually all fields of science and engineering [2]. Micropolar fluids
consist of rigid, randomly oriented (or spherical) particles which have own spins and micro-rotations suspended in a
viscous medium [9–11]. Since static pressure is highest when the velocity is zero, static pressure is at its maximum
value at stagnation point. Hence, Engineers in industry introduces internal heat generation to reduce drag and enhance
easy flow of fluid around stagnation point where the velocity is zero. There are many ways where internal heat
generation in a convective flow tends to occur. For instance, in the development of a metal waste form from spent
nuclear fuel, phase change processes and thermal combustion processes, convection with internal heat generation
plays an important role in the overall heat transfer process Olanrewaju et al. [12].
Internal energy generation can be explained as a scientific method of generating heat energy within a body
by a chemical, electrical or nuclear process. Natural convection induced by internal heat generation is a common
phenomenon in nature. Example include motion in the atmosphere where heat is generated by absorption of
sunlight [13]. Crepeau and Clarksean [14] carried out a similarity solution for a fluid with an exponential decaying heat
generation term and a constant temperature vertical plate under the assumption that the fluid under consideration has
an internal volumetric heat generation. In many situations, there may be appreciable temperature difference between
the surface and the ambient fluid. This necessitates the consideration of temperature dependent heat sources that may
exert a strong influence on the heat transfer characteristics (see El-Aziz and Salem [15]). El-Aziz and Salem [16]
further stated that exact modeling of internal heat generation or absorption is quite difficult and argued that some
simple mathematical models can express its average behavior for most physical situations. Effect of this internally
generated heat energy on the surface may lead to melting of solid surface and also weaken the intermolecular forces
between the micropolar fluid layers as it flows towards stagnation point. From the knowledge of kinetic theory of
matter, every solid melts if expose to a high temperature. In an earlier study, the effect of melting on heat transfer was
studied by Tien and Yen [17] for the Leveque problem. The tangential velocity profile is assumed to be linear. It was
further reported by Yen and Tien [18] that the approximation in [17] is valid if one deals with a high Prandtl number
fluid so that the significant temperature change takes place only within a thin layer of fluid immediately adjacent
to the solid boundary and consequently the velocity profile inside this thin layer can be approximated by a linear
segment. The similarity between the melting problems and mass transfer or transpiration cooling problems was also
noted in [18]. In addition, effect of melting on heat transfer between melting body and surrounding fluid qualitatively
from the point of view of boundary layer theory was investigated. In recent years, many researchers have investigated
and reported the effect of melting parameters [19–25].
In all of the above mentioned studies, fluid viscosity and thermal conductivity have been assumed to be constant
function within the boundary layer. However, it is known that physical properties of the fluid may change significantly
when expose to internal generated temperature. For lubricating fluids, heat generated by the internal friction and
the corresponding rise in temperature affect the viscosity of the fluid and so the fluid viscosity can no longer
be assumed constant. In a case of melting as reported by many researchers [19–25]; it is worth mentioning that
temperature of fluid layers at free stream may also have significant effect on the intermolecular forces of the micropolar
fluid. The increase of temperature may also leads to a local increase in the transport phenomena by reducing the
viscosity across the momentum boundary layer and so the heat transfer rate at the wall may also be affected greatly.
According to Anyakoha [26], Batchelor [27], Animasaun and Oyem [28] and Meyers et al. [29], it is a well-known
fact that properties which are most sensitive to temperature rise are viscosity and thermal conductivity. Recently,
Mukhopadhyay [30] considered this same fact in order to predict stagnation point flow behaviour on non-melting
surface. Also, Salem and Fathy [31] presented the effect of variable viscosity and thermal conductivity on steady
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magnetohydrodynamic (MHD) heat and mass transfer flow of viscous and incompressible fluid near a stagnation
point towards a permeable stretching sheet embedded in a porous medium, taking into account thermal radiation and
internal heat generation/absorption. In 2010, Asterios Pantokratoras investigated boundary layer in which viscosity is
constant, propounded a question and explained the nature of ambient transverse velocity [32]. It was reported that the
real ambient transverse velocity is zero and not finite as it is predicted by the boundary layer. It was concluded that the
transverse velocity continues to change beyond the constant value theory. It is worth noticing that little work has been
conducted to determine and explain the nature of transverse velocity within boundary layer formed on melting surface
since Yen and Tien have elaborated the field in 1963. It is further observed that in all published articles on melting heat
transfer, the usefulness of melting parameter on the dynamics of transverse velocity has not been reported. Motivated
by all the works mentioned above, it is of interest to extend the work of [20–22] by incorporating all the necessary
term(s) into the governing equation in line with boundary layer theory, heat and mass transfer theory. This is to further
examine a case in which the vortex viscosity of micropolar fluid is not really influenced by temperature as the fluid
flows along a melting surface (with low heat energy) as in the case of stagnation-point flow. Also, to unravel effect of
corresponding parameters on stagnation point flow of micropolar fluid towards stretching sheet at constant function
of vortex viscosity and temperature dependent dynamic viscosity. The dimensionless nonlinear ordinary differential
equation (BVP) is solved numerically. The effects of all the pertinent parameters are analyzed on the transverse
velocity at the wall, local skin-friction coefficient, surface couple stress and local Nusselt number which are presented
in graphical and tabular form. It is evident that the results obtained from the present investigation will provide useful
information for various industrial applications.
2. Mathematical formulation
Consider a steady laminar flow and heat transfer of a micropolar fluid towards a horizontal linearly stretching
surface melting at a steady rate into a warm liquid of the same material. It is assumed that the temperature of the
melting surface is Tm while temperature of the fluid at free-stream is T∞ such that T∞ > Tm . The temperature of the
solid far from the interface is To(<Tm). The x-axis is directed along the melting surface and the y-axis is normal to it.
It is assumed that the velocity of the external flow ue = ax and the velocity of the stretching surface uw = cx where
both “a” and “c” are positive constant while “c” corresponds to stretching of the surface and “x” measures the distance
along the surface of the plate. Two equal and opposite forces are introduced along x-axis so that the horizontal melting
surface is stretched keeping the origin fixed at y = 0. This external force induces the fluid to flow in x-direction. The
physical model is shown in Fig. 1a. Under the usual boundary-layer approximations, the basic equations taking into
account space and temperature dependent internal heat generation in the energy equation for a micropolar fluid can be
written as
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The space and temperature dependent internal heat generation term in Eq. (4) is adopted according to Crepeau and
Clarksean [14], Salem and El-Aziz [15,16] and modified to account for the absolute temperature difference as in the
case of fluid flow over melting surface. The following appropriate boundary conditions on velocity, micro-rotation
and temperature are employed to account for the influence of stretching of the boundary surface in the x-direction,
melting at the surface and vanishing of anti-symmetric part of the stress tensor as
uw = cx, κ(T )∂T
∂y
= ρ[λ∗ + cs(Tm − To)]v(x, 0), N = −mo ∂u
∂y
,
T = Tm at y = 0, (5)
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Fig. 1a. Flow configuration and coordinate system.
ue → ax, N → 0, T → T∞ as y →∞. (6)
The formulation of Eq. (5) states that the heat conducted to the melting surface is equal to the heat of melting plus
the sensible heat required raising the solid temperature To to its melting temperature Tm [20–24]. Here u and v
are the velocity components along x and y axes respectively. In addition, µ, τ , ρ, T , j , N , γ and κ are dynamic
viscosity, vortex viscosity (or the micro-rotation viscosity), fluid density, fluid temperature, micro-inertia density,
dimensional micro-rotation (or angular velocity), spin gradient viscosity and thermal conductivity of the micropolar
fluid respectively. Also, λ∗ is the latent heat of the fluid and cs is the heat capacity of the solid surface. The case
mo = 0, is called strong concentrations by Guram and Smith [33] indicates N = 0 near the wall, this represents
concentrated particle flows in which the microelements close to the wall surface are unable to rotate [34]. The case
mo = 0.5 indicates the vanishing of anti-symmetric part of the stress tensor and denotes weak concentrations [35].
The case mo = 1 as suggested by Peddieson [36], is used for the modeling of turbulent boundary layer flows (see Pop
et al. [22]). In this research, the case mo = 0.5 is considered. Following the idea of Pop et al. [22], Abdel-Rahman [37]
and Khan et al. [38], spin gradient viscosity and micro-inertia per unit mass are defined as
γ ∗ =

µ+ τ
2

, j = µ
ρa
. (7)
This assumption is invoked to allow the field of equations predicts the correct behavior in the limiting case when the
microstructure effects become negligible and the total spin N reduces to the angular velocity [22,38–40]. The main
points of non-Newtonian behavior most especially Micropolar fluid according to Rajagopal [41] are the ability to shear
thin or shear thicken in shear flows, the presence of nonzero normal stress differences in shear flows, and the ability of
the fluid to yield stress, to exhibit stress relaxation, and/or to creep. It is worth noticing that all these behaviors will be
affected by the effect of melting at the wall. Considering the nature of the problem (micropolar fluid flow on melting
surface in which T = [Tm < T∞] at y = 0, it is realistic to investigate a case where dynamic viscosity (µ) is influ-
enced by temperature and micropolar vortex viscosity (τ ) is negligibly affected by temperature; hence it is assumed
constant. To further justify this assumption, a vortex is a region in a fluid medium in which the flow is mostly rotating
on a straight-axis line Loper [42], Batchelor [43]; since the temperature of the surface is equivalent to the melting
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temperature which is very small. This implies that rotation of micro-elements may be restrained near the wall which
possess low heat energy; hence, it is realistic to assume that vortex viscosity is negligibly influenced by tempera-
ture near the horizontal wall. There are several models for shear viscosity e.g. Exponential model, Arrhenius model,
Williams Landel-Ferry model, Masuko-Magill model and Batchelor model. All these models were developed for ei-
ther liquid or gases in which vortex viscosity is zero or totally neglected or out of consideration. The empirical or
experimental data for temperature dependent dynamic viscosity together with vortex viscosity as in the case of mi-
cropolar fluid is still an open question. Hence, following Animasaun et al. [44] the mathematical model of temperature
dependent viscosity model used by [29,30,45,46] which was developed using the experimental data of [27] together
with the mathematical model of temperature dependent thermal conductivity model of Charraudeau [47], used by
[48,49] is modified to
µ(T ) = µ∗[ℵ1 + h¯1(T∞ − T )], κ(T ) = κ∗[ℵ2 + h¯2(T − Tm)]. (8)
Modification of those mentioned models is necessary due to the melting condition that is incorporated into the mathe-
matical formulation. Also, the influence of temperature on the thermal conductivity of the micropolar fluid during heat
conduction in the melting process is accounted for. It is worth mentioning that Eq. (8) is valid in this research since
T∞ > Tm . µ∗ and κ∗ are the constant value of the coefficient of viscosity and thermal conductivity at the freestream
respectively. A case where ℵ1 = ℵ2 = 1 and (h¯1, h¯2) > 0 is considered in this research work. The following relations
are now introduced for u and v together with similarity variables
u = ∂ψ
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∂x
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
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a
ϑ
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The continuity equation (1) is automatically satisfied by defining a stream function using the Cauchy-Riemann equa-
tion ψ(x, y). The corresponding modified governing equations of Eqs. (2)–(4) are transformed by using the similarity
variables in Eq. (9). The following locally similar ordinary differential equations are obtained:
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Subject to
d f
dη
= σ, m[1+ εθ ]dθ
dη
+ Pr f (η) = 0, g(η) = −0.5d
2 f
dη2
, θ(η) = 0 at η = 0, (13)
d f
dη
→ 1, g(η)→ 0, θ(η)→ 1 as η→∞. (14)
In Eq. (13), θ(η) = 0; it is worth mentioning that the temperature of wall (i.e. horizontal melting stretchable surface)
is not at absolute zero since Tm (melting temperature is significant; greater than To but less than T∞). Temperature de-
pendent viscous parameter ξ = h¯1(T∞−Tm), micropolar coupling constant K = τ/µ, Porosity parameter λ = ϑ/δa,
temperature dependent thermal conductivity parameter ε = h¯2(T∞ − Tm), Prandtl number Pr = C pµ/κ , velocity
ratio parameter σ = c/a and melting parameter m = [C p(T∞ − Tm)]/[λ∗ + cs(Tm − To)]. The physical quantities
of interest (i.e. the local skin-friction coefficient C f , the dimensionless wall couple stress Mw and the local Nusselt
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Table 1
Comparison of f ′′(0) and −θ ′(0) for various values of σ , m and K when ξ = λ = ε = A∗ = B∗ = 0 and Pr = 1 with previously published
articles.
σ m K Pop et al. Pop et al. Wang [52] Present Present Present
[22] f ′′(0) [22]−θ ′(0) f ′′(0) f ′′(0) −θ ′(0) g′(0)
0 0 0 1.232588 −0.570465 1.232588 1.23258767650 −0.57046999250 0.50000017210
0 0 1 1.006404 −0.544535 1.00640781947 −0.54454407240 0.33333517015
0 1 0 1.037003 −0.361961 1.03699732574 −0.36197327401 0.31231781418
5 0 0 −10.264749 −1.396355 −10.26475 −10.26474929103 −1.39635505945 −12.00000001046
number Nux ) are defined as
C f = 2τw
ρ(ue)2
, Cs = mwxaΓ , Nux =
xqw
κ(T∞ − Tm) . (15)
Where Reynold number (Rex ), the transverse velocity at the wall (Trv), surface shear stress (τw), wall couple stress
(Mx ) and the heat transfer from the plate (qw) are defined by
Rex = uexρ
µ
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
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x
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
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Using the similarity variables in Eq. (9), we get
Trv = f (0), 0.5C f

Rex = [1+ K ] f ′′(0)+ Kg′(0),
g′(0) = cs(Rex )−1, (Rex )−1/2Nux = −θ ′(0). (17)
3. Numerical solution
The set of non-linear boundary value problem (10)–(14) is highly nonlinear, coupled and the numerical solutions
of Eqs. (10)–(12) subject to the boundary conditions (13)–(14) are obtained using Shooting technique with fourth-
order Runge–Kutta Gill method. The set of coupled ordinary differential equations along with boundary conditions
are converted from BVP to IVP using the method of superposition introduced by Na [50]. The BVP cannot be solved
on an infinite interval and it would be impractical to solve it on a very large finite interval. The asymptotic boundary
conditions in (14) as η→∞ are replaced by those at a large but finite value of η = 5. To integrate the corresponding
IVP, f ′′(0), g′(0) and θ ′(0) are needed but no such values exist after the non-dimensionalization of the boundary
conditions. The suitable guesses values for f ′′(0), g′(0) and θ ′(0) were chosen and integration is carried out. The
step size is taken as ∆η = 0.001. The guess values were adjusted using secant method to give better approximation
for the solution. The procedure is repeated until we get the results up to the desired degree of accuracy 10−5. There
are two types of error involved in a Runge–Kutta as an approximation method of Ordinary differential equations.
They are Round off error and Truncation error. Runge–Kutta Gill method is selected because it reduces (minimize)
round off error and this numerical scheme reduces the amount of storage required in the solution of a large number of
simultaneous first order differential equation. According to Finlayson [51], Order analysis, Consistency analysis and
Stability analysis shows that Runge–Kutta Gill is also of order four, stable and consistent.
4. Results and discussion
Using the numerical scheme discussed in the previous section, computation has been carried out for various values
of the parameters such as σ , ξ , λ, ε, K , Pr , m, A∗ and B∗ which are encountered in this research. In order to assess the
accuracy of our results, certain results are compared with the available published numerical results of Pop et al. [22]
and Wang [52] as shown in Table 1, and they are found to be in a good agreement. The excellent agreement is
an encouragement for further study of the effects of other parameters on the flow. In order to understand the effect of
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Fig. 1b. Transverse velocity profiles for different m when
σ < 1 and µ = µ(T ), κ = κ(T ) but τ = constant.
Fig. 1c. Transverse velocity profiles for different m when
σ > 1 and µ = µ(T ), κ = κ(T ) but τ = constant.
a b
Fig. 2. (a) Velocity profiles for different m when σ < 1 and µ = µ(T ), κ = κ(T ) but τ = constant. (b) Velocity profiles for different m when
σ > 1 and µ = µ(T ), κ = κ(T ) but τ = constant.
melting parameter (m) on the micropolar fluid when micropolar coupling parameter (K = 0.5) at constant vortex
viscosity (τ ≠ τ(T )), dynamic viscosity and thermal conductivity are function of temperature (i.e µ = µ(T ),
κ = κ(T )); it is worth mentioning that (i) m = 0 implies f (η) = 0 at y = η = 0, (ii) velocity component v(x, y) =
− f (η)√aϑ exhibits constant behavior for all the values of x over the melting surface, (iii) velocity component
u(x, y) = ax f ′(η) exhibits a behavior which varies along the ascent of x-coordinate and (iv) increase in (m)
corresponds to melting of the surface by increasing the absolute value of Tm . It is observed in Fig. 1b that at each value
of m, transverse velocity f (η) increases from (η = 0) to freestream (η = 5) and decreases with melting parameter
(m) for (0.5 ≤ σ ≤ 1.5). It is observed that the decrease in f (η) reduces as (m) tends to a large number. Physically,
a case σ > 1(=1.5) implies that stretching of the horizontal surface is greater than the velocity of inviscid freestream
with the ratio 1:0.66 or 1.5:1; hence, this account for the slightly downward curve near the wall (η = 0) in Fig. 1c
which is the reverse of the case σ < 1(=0.5) in Fig. 1b. Furthermore, increasing the melting parameter (m) reduces
the amount of heat energy in the fluid layers near the horizontal wall; which in turns decreases the transverse velocity
significantly. When (m) is considerably large, the fluid layers near the horizontal wall has the same temperature as the
horizontal layer. In such a situation, the transverse velocity decreases highly when (m) is increased from 0 to 0.4 and
the differences in any two transverse velocity profiles approaches to the minimum values as m increases.
Variations of velocity profiles f ′(η) along η with different values of (m) are plotted in Fig. 2a and b. It is seen
that an increase in the magnitude of (m) leads to decrease of the velocity profiles when σ < 1. Reverse is the
case when σ > 1. In this limiting case, σ < 1(=0.5) implies that stretching velocity of the horizontal surface
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a b
Fig. 3. (a) Shear stress profiles for different m when σ < 1 and µ = µ(T ), κ = κ(T ) but τ = constant. (b) Shear stress profiles for different m
when σ > 1 and µ = µ(T ), κ = κ(T ) but τ = constant.
a b
Fig. 4. (a) Micro-rotation profiles for different m when σ < 1 and µ = µ(T ), κ = κ(T ) but τ = constant. (b) Micro-rotation profiles for different
m when σ > 1 and µ = µ(T ), κ = κ(T ) but τ = constant.
is less than the stretching velocity of the inviscid freestream. This leads to the decrease in the velocity profiles as
magnitude of melting parameter (m) increases. On the other hand, f ′(η) increases significantly with an increase in
the magnitude of (m) when σ > 1(=1.5). Physically, this increasing effect is caused due to large magnitude assigned
to the horizontal stretching velocity at the wall. In Fig. 2a and b, it is further seen that velocity profile decreases and
increases significantly when magnitude of (m) is increased from 0 to 0.4 with subsequent small decrease and small
increase in the differences of velocity profiles as (m) increases as shown in Fig. 2a and b respectively. The effect of
melting parameter (m) on shear stress profiles f ′′(η) is illustrated in Fig. 3a when σ > 1. It is notice that shear stress
decreases near the wall when σ < 1 (see Fig. 3a) and increases near the wall when σ > 1 (see Fig. 3b). This effect
can be traced to the fact that as heat energy is drawn closer and used in the melting process, the high magnitude of
stretching velocity at the wall subdue the effect. Since stretching of the horizontal melting surface is low in Fig. 3a,
the real corresponding effect of melting is unraveled. This account for the increase in drag due to increase in local
skin friction coefficient f ′′(0). We then examine the effects of the melting parameter on the micro-rotation profiles. As
shown in Fig. 4a and b, (m) has an evident effect on g(η) that the larger the value of m is, the greater the micro-rotation
is near the wall (0 ≤ η < 0.832) when σ < 1(=0.5). Within the thin layer next to the wall (0 ≤ η < 0.832), the effect
of parameter (m) becomes negligible small as (m) is considerably large. Reverse is found in the case σ > 1(=1.5) as
shown in Fig. 4b. The variations of θ ′(η) known as temperature gradient profiles along η with different values of m
are plotted in Fig. 5a and b. It is seen that the increase of m leads to decrease in temperature gradient profiles near the
wall η = 0. Beyond η ≥ 1.1, θ ′(η) turns to increase along the ascent of m. It is also seen that local Nusselt number
(local heat transfer rate) is enhanced evidently when m = 1.6, σ = 1.5 compare to m = 1.6, σ = 0.5. Actually, the
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a b
Fig. 5. (a) Temperature gradient profiles for different m when σ < 1 and µ = µ(T ), κ = κ(T ) but τ = constant. (b) Temperature gradient profiles
for different m when σ > 1 and µ = µ(T ), κ = κ(T ) but τ = constant.
a b
Fig. 6. (a) Variation of transverse velocity at the wall for different values of m with ξ and ε when τ = constant. (b) Variation of skin friction
coefficient for different values of m with ξ and ε when τ = constant.
effect of melting is to draw heat energy (temperature) from the fluid layers near the surface within the boundary layer.
Imposition of melting heat transfer has a tendency to reduce the temperature gradient near the wall. This also has
the effect of reducing micro-rotation profiles for σ > 1, shear stress profiles for σ < 1 and transverse velocity. The
values of transverse velocity f (0) and local skin friction coefficient f ′′(0) at the wall versus melting parameter (m)
are displayed in Fig. 6a and b. It is observed that f (η = 0) decreases with an increase in melting parameter (m) and
(ξ, ε). It is found that local skin friction coefficient increases greatly with melting parameter when thermo-physical
properties of micropolar fluid is neglected (i.e. ξ = ε = 0) and increases slightly when µ = µ(T ), κ = κ(T ) as in
the case ξ, ε = 1.5. This behaviour is further estimated by calculating the slope of the linear regression line through
data points in m and f ′′(0) at each values of (ξ, ε) as 0.116, 0.09, 0.07 and 0.06.
As σ increases from 0.5 to 1.5; this implies two cases which are (i) at a constant/fixed stretching velocity of
the horizontal surface, the velocity of inviscid freestream (external flow) decreases, (ii) at a constant/fixed velocity
of external flow and velocity of the horizontal surface increases. Considering the context of Eq. (14) [i.e. f ′(η) as
η → ∞], the first statement may be rejected and accept the second statement. Fig. 7a presents the effect of velocity
ratio parameter σ on the velocity distributions of classical micropolar fluid µ ≠ µ(T ), κ ≠ κ(T ) and τ ≠ τ(T ). It
is observed that velocity profiles increases with an increase in σ (0.5 ≤ σ ≤ 1.5). It is also seen that the increasing
effect of velocity ratio parameter totally subdue the effect of melting parameter which ought to reduce the velocity
distribution near the wall. Physically, as magnitude of σ increases, the stretching velocity of the horizontal surface
increase which account for the increase in velocity. Fig. 7b represents the effect of σ on f ′(η) when the influence
of temperature on both viscosity and thermal conductivity is considered as the micropolar fluid flows over a melting
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Fig. 7. (a) Velocity profiles for different values of σ when µ ≠ µ(T ), κ ≠ κ(T ) and τ = constant. (b) Velocity profiles for different values of σ
when µ = µ(T ), κ = κ(T ) but τ = constant.
a b
Fig. 8. (a) Transverse velocity profiles for different values of σ when µ ≠ µ(T ), κ ≠ κ(T ) and τ = constant. (b) Transverse velocity profiles for
different values of σ when µ = µ(T ), κ = κ(T ) but τ = constant.
surface µ = µ(T ), κ = κ(T ) but τ ≠ τ(T ). It is noticed that f ′(η) in Fig. 7b at each value of σ is larger than that
of Fig. 7a. In this case, the fluid velocity increases significantly due to high amount of temperature that is injected
(ξ = ε = 3). This quantitative amount of temperature is converted to heat energy and breakdown all the intermolecular
forces within the micropolar fluid as it flows. It is further seen that the increase of σ leads to reduction in shear stress
starting from the wall η = 0 to a point near free stream. This result is true since the micropolar fluid flows with high
velocity near the wall as shown in Fig. 7b.
Variations of transverse velocity f (η) of micropolar fluid flow along η with different values of σ are plotted in
Fig. 8a. At the wall (η = 0), σ has negligible decreasing effect on f (η) within 0 ≤ η < 0.09. Few distances away
from the wall η > 0.11, f (η) enlarges continuously as η grows and increases with an increase in σ . This result is in
best agreement with the one reported by Ashraf and Rashid [53].
When the influence of temperature on both viscosity and thermal conductivity is considered (see Fig. 8b), it is
found that the increase in σ still leads to negligible decreasing effect on f (η) near the wall but f (η) increases more
significant along the ascent of both η and σ . Physically, heat energy at (η = 5) is highly sufficient and greater than heat
energy near the melting wall (η = 0) due to the magnitude assign for A∗ = 0.08. Hence, the heat energy enhances the
velocity and also diffuses from the freestream towards the wall. This effect accounts for the increment in the numerical
solution of f (η) against η with sigma (σ ) few distance away from the melting wall till freestream. This also unravels
the effect of melting parameter being another tool to increase heat energy at the wall (η = 0). Since the horizontal
surface remains of low heat energy, the transverse velocity (normal velocity) approaches to the minimum value. In
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Fig. 9. (a) Transverse velocity profiles for different values of σ and m when µ ≠ µ(T ), κ ≠ κ(T ) and τ = constant. (b) Transverse velocity
profiles for different values of σ and m when µ = µ(T ), κ = κ(T ) but τ = constant.
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Fig. 10. (a) Micro-rotation profiles for different values of σ and K when µ ≠ µ(T ), κ ≠ κ(T ) and τ = constant. (b) Micro-rotation profiles for
different values of σ and K when µ = µ(T ), κ = κ(T ) but τ = constant.
a situation like this, such effect can be controlled by either increasing both melting and velocity ratio parameters or
increasing velocity ratio parameter while melting parameter is decreasing. Fig. 9a and b depicts the corresponding
effects of both cases. In Fig. 10a and b, the effects of material parameter (Micropolar coupling constant) on the micro-
rotation g(η) at various values of velocity ratio parameter σ when µ ≠ µ(T ), κ ≠ κ(T ) and µ = µ(T ), κ = κ(T )
is presented. When dynamic viscosity, thermal conductivity and vortex viscosity of micropolar fluid are treated as
in [20–22] (i.e. µ ≠ µ(T ), κ ≠ κ(T ) and τ ≠ τ(T )), the micro-rotation increase with increasing K for σ < 1 and
decrease with increasing K for σ > 1 near the wall (0 ≤ η ≤ 1.3). When µ = µ(T ), κ = κ(T ) and τ ≠ τ(T ), it
is seen in Fig. 10b that micro-rotation of particles within the fluid domain increases and decreases significantly when
σ = 0.5 and σ = 1.5 respectively. Fig. 11a exhibits the nature of g′(0) related to dimensionless wall couple stress
with micropolar coupling parameter (K ) for equal four values of (ξ, ε). It is found that g′(0) increases significantly
with K when thermo-physical properties of micropolar fluid is neglected (i.e.µ ≠ µ(T ), κ ≠ κ(T )) and increases
slightly when influence of temperature on micropolar fluid as it flows over melting surface is accounted for. It is also
observed that wall couple stress is an increasing function of (ξ, ε) at fixed value of K . Although the increase is highly
significant at small values of melting parameter m compare to when magnitude of melting parameter is large. In the
absence of porosity (i.e. λ = 0), it is observed that f ′′(0) which is related to skin friction coefficient increases with
equal magnitude of (ξ, ε) and enlarges continuously as λ grows.
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Fig. 11. (a) Dimensionless wall couple stress for different values of K and (ξ, ε). (b) Wall shear stress for different values of λ and (ξ, ε).
5. Conclusion
The problem of two dimensional boundary layer flow of micropolar fluid towards stagnation point formed on
a horizontal linearly stretching surface has been investigated. Due to the formation of boundary layer on melting
surface (region of low heat energy), space (exponentially) and temperature dependent internal heat generation; it is
assumed that micropolar vortex viscosity is constant while dynamic viscosity and thermal conductivity are temperature
dependent. The main findings of this investigation may be summarized as follows:
• For correct analysis/investigation of micropolar fluid over a wall/surface in which (Tw or Tm) < T∞), the new
thermo-physical models are to be considered.
• Transverse velocity decreases with increasing melting parameter when velocity ratio σ(>1 and <1). Due to
melting at the surface, the transverse velocity at the wall decreases. Micropolar fluid with constant thermo-physical
properties (ξ = ε = 0) corresponds to lowest of both transverse velocity at the wall and local skin friction
coefficient. It can also be concluded that one of the possible ways to increase transverse velocity at the wall is to
decrease melting with an increase in velocity ratio.
• The velocity profile decrease and increases with melting parameter when σ < 1 and σ > 1 respectively.
• The shear stress profile decreases and increases near the melting surface when σ < 1 and σ > 1 respectively.
• The dimensionless micro-rotation profiles inside the thin boundary layer decreases and increases significantly far
from the melting wall under the new condition (µ = µ(T ), κ = κ(T ), τ is constant) when σ < 1 and σ > 1
respectively.
• Increase in melting parameter cause decrease in temperature gradient near the wall and this decrease in temperature
gradient is more pronounced near the wall when velocity ration is greater than unity.
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